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Learning Equations from Data
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Symbolic Regression - Overview

Find the best function rather than just the best 
parameters of a given function


Numerical Regression:


 


Symbolic Regression:


y = 6+1x+0.8x2

y = 1 + x2 + 10 cos (x)
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Why Symbolic Regression?

Goals:


• Discover “physical laws” - necessarily analytic


• Guide theory - discover what limits a model should have


• Effective prescriptions of complex, non-linear systems


Advantages:


• More general - reduce confirmation bias


• Prevent overfitting


• Highly interpretable


Difficulties:


• Larger search space - convergence harder


• Optimisation methods of numerical regression not applicable
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Traditional Symbolic Regression
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The Task

6

Given some dictionary of functions, how 
do I combine these to produce an 

accurate and simple function which 
describes my data?
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Lots of tools on the market

Genetic Algorithms

Simulated Annealing

Physics Inspired

(AIFeynman)

Cranmer et al. 2020 (arXiv:2006.11287)

Udrescu & Tegmark 2019 (arXiv:1905.11481)

Udrescu et al. 2020 (arXiv:2006.10782)

Neural Network Based

Petersen et al. 2019 (arXiv:1912.04871)
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Combining Functions - Represent Functions as Trees or Lists

+

pow

log

x

µ0

exp

§

µ1 x

(log (x))µ0 + exp (µ1x) = [+, pow, log, x, µ0, exp, §, µ1, x]

Complexity = Number of Nodes
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The Genetic Algorithm

Alan Turing

§

µ0 +

log

x

µ1

µ0 (log (x) + µ1) = [§, µ0, +, log, x, µ1]

+

exp

x

pow

x µ0

exp (x) + xµ0 = [+, exp, x, pow, x, µ0]

§

µ0 exp

x

log (x) + µ1 + xµ0 = [§, µ0, exp, x]

+

+

log

x

µ1

pow

x µ0

log (x) + µ1 + xµ0 = [+, +, log, x, µ1, pow, x, µ0]

§

x +

log

x

µ0

x (log (x) + µ0) = [§, x, +, log, x, µ0]

+

x +

log

x

µ0

x + log (x) + µ0 = [+, x, +, log, x, µ0]

Breeding

Mutations

• Start with a population of functions


• Allow these to mutate and breed


• Optimise parameters


• Preferentially keep functions which fit 

data well


• Functions should evolve to fit data well
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The Pareto Front - Balance of Simplicity and Accuracy

Vilfredo Pareto

Complexity

E
rr

or

Pareto front

Feasible Solutions• Pareto front: most accurate 

solution at a given complexity


• Problem: Can make function 

arbitrarily complex to get zero 

error


• Which function on the Pareto 

front is the “best”?
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Traditional methods do not always find the true optimum

<latexit sha1_base64="lFNVDlxks7ixvEbXn+WgNU4YkzY=">AAACBHicbZC7SgNBFIZn4y3G26plmsEgWIXdENRGCNpYRjAXyGWZncwmQ2YvzJwVlyWFja9iY6GIrQ9h59s4SVbQxB8GPv5zDmfO70aCK7CsLyO3srq2vpHfLGxt7+zumfsHTRXGkrIGDUUo2y5RTPCANYCDYO1IMuK7grXc8dW03rpjUvEwuIUkYj2fDAPucUpAW45ZTPAF7sKIAXHsH7D66X2/MnHMklW2ZsLLYGdQQpnqjvnZHYQ09lkAVBClOrYVQS8lEjgVbFLoxopFhI7JkHU0BsRnqpfOjpjgY+0MsBdK/QLAM/f3REp8pRLf1Z0+gZFarE3N/2qdGLzzXsqDKAYW0PkiLxYYQjxNBA+4ZBREooFQyfVfMR0RSSjo3Ao6BHvx5GVoVsr2abl6Uy3VLrM48qiIjtAJstEZqqFrVEcNRNEDekIv6NV4NJ6NN+N93pozsplD9EfGxzc9Q5c5</latexit>

y = ✓1✓
x2

0
<latexit sha1_base64="wUI8dyI8aT5hjcAdyTDKo7uSwKU=">AAACL3icbVDLSgNBEJz1GeMr6tHLYBA8SNwVUY+iIB4VjArZEHonHTM4uzvO9IphyR958VdyEVHEq3/hJO7BV8FAUVVNT1eklbTk+8/e2PjE5NR0aaY8Oze/sFhZWr6waWYE1kWqUnMVgUUlE6yTJIVX2iDEkcLL6OZo6F/eobEyTc6pp7EZw3UiO1IAOalVOQ6piwQtn4egtUnvecC3eGhvDeXY3+ThbQZtXoSCf0LbPNSy36pU/Zo/Av9LgoJUWYHTVmUQtlORxZiQUGBtI/A1NXMwJIXCfjnMLGoQN3CNDUcTiNE289G9fb7ulDbvpMa9hPhI/T6RQ2xtL45cMgbq2t/eUPzPa2TU2W/mMtEZYSK+FnUyxSnlw/J4WxoUpHqOgDDS/ZWLLhgQ5CouuxKC3yf/JRfbtWC3tnO2Uz04LOoosVW2xjZYwPbYATthp6zOBHtgA/bCXr1H78l7896/omNeMbPCfsD7+ATRvKe6</latexit>

✓0 ⇡ 1/
p
e, ✓1 ⇡ 1/

p
2⇡

Best equation found:

None of these stochastic 
methods found this!

Task:

Univariate function with 100,000 

noiseless data points 

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 46 47 48 49 50

Complexity

10°17
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10°11

10°8
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10°2

M
S
E

ESR

PySR

DataModeler

FFX

QLattice

Bartlett, Desmond & Ferreira 2022 (arXiv:2211.11461)
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Two Big Problems

12

1. Traditional methods do not necessarily 
find the best function


2. How do you balance accuracy with 
simplicity?
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Exhaustive Symbolic Regression

Bartlett, Desmond & Ferreira 2022 
(arXiv:2211.11461)


1. Finding the true optimum
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Motivation: Physics often needs simple equations

/

µ0 x

µ0
x = [/, µ0, x]

+

§

µ0 x

µ1

µ0x + µ1 = [+, §, µ0, x, µ1]

§

µ0 pow

x µ1

µ0xµ1 = [§, µ0, pow, x, µ1]

+

µ0 §

µ1 pow

x µ2

µ0 + µ1xµ2 = [+, µ0, §, µ1, pow, x, µ2]

/

µ0 §

x pow

+

x µ1

µ2

µ0

x(x+µ1)
µ2

= [/, µ0, §, x, pow, +, x, µ1, µ2]

/

µ0 +

pow

°

x µ1

µ2

µ3

µ0

(x°µ1)
µ2+µ3

= [/, µ0, +, pow, °, x, µ1, µ2, µ3]

Straight lineGravitational

Potential

Power law

Friedmann NFW Cauchy-Lorentz
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Find all valid trees

• First find all valid shapes of 
trees


• Equivalent to all valid lists of 0, 
1 and 2


• Not all lists can form a tree - 
only keep ones that do


• Decorate the trees

All valid trees at complexity 4: Only 4, but  lists34 = 81

1

1

1

0

1

2

0 0

2

0 1

0

2

1

0

0

Bartlett, Desmond & Ferreira 2022 (arXiv:2211.11461)
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Problem: Number of functions grows exponentially with complexity

5.2 million
Total number of decorated trees

168 million
Naïve estimate: 

n

∑
j=1

jk = H (−k)
n

Bartlett, Desmond & Ferreira 2022 (arXiv:2211.11461)
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Operator set: {x, a, inv, +, °, £, ÷, pow}

Number of parameters: 0 1 2 3 4

Even if we can’t fix the exponential growth:


 ,


Can we reduce  to make this feasible?

nfun ∼ A × BComplexity

A
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Remove duplicate equations

+

x µ0

x + µ0 = [+, x, µ0]

+

µ0 x

µ0 + x = [+, µ0, x]

§

x +

µ0 log

x

x (µ0 + log (x)) = [§, x, +, µ0, log, x]

+

§

µ0 x

§

x log

x

µ0x + x log (x) = [+, §, µ0, x, §, x, log, x]

+

µ0 §

µ1 x

µ0 + µ1x = [+, µ0, §, µ1, x]

+

§

µ0 x

µ1

µ0x + µ1 = [+, §, µ0, x, µ1]

Tree reordering

Simplifications

Parameter permutations

Bartlett, Desmond & Ferreira 2022 (arXiv:2211.11461)
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Remove duplicate equations

§

exp

µ0

x

exp (µ0) x = [§, exp, µ0, x]

§

sqrt

µ0

x

p
µ0x = [§, sqrt, µ0, x]

+

µ0 +

µ1 x

µ0 + µ1 + x = [+, µ0, +, µ1, x]

+

µ0 x

µ0 + x = [+, µ0, x]

Reparametrisation invariance

Parameter combinations

Bartlett, Desmond & Ferreira 2022 (arXiv:2211.11461)



EXHAUSTIVE SYMBOLIC REGRESSION          DEAGLAN BARTLETT 19

Simplifications mean that an exhaustive search is feasible

5.2 million
Total number of decorated trees

168 million
Naïve estimate: 

n

∑
j=1

jk = H (−k)
n

134,234
Number of unique equations

119,861
Number of equations containing 
at least one parameter1400

Times fewer equations to 
consider than our naïve guess
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Complexity
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Operator set: {x, a, inv, +, °, £, ÷, pow}

Number of parameters: 0 1 2 3 4

Bartlett, Desmond & Ferreira 2022 (arXiv:2211.11461)
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Exhaustive Symbolic Regression

Bartlett, Desmond & Ferreira 2022 
(arXiv:2211.11461)


2. Model selection
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A recap of Bayesian model comparison

P (θ |D) =
ℒ (D |θ) ϖ (θ)

Z (D)

Z (D) = ∫ ℒ (D |θ) ϖ (θ) dθ

P (ℳ |D) =
Z (D |ℳ) 𝒫 (ℳ)

𝒵 (D)

Z (D |ℳ)

P (ℳ1 |D)
P (ℳ2 |D)

=
𝒫 (ℳ1)
𝒫 (ℳ2)

Z (D |ℳ1)
Z (D |ℳ2)

Bayes’ theorem

“Evidence”

Bayes’ theorem

Model comparison
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Problem with Bayesian evidence in symbolic regression

log K = log Z (D |ℳ1) − log Z (D |ℳ2)
• Neglects prior on model


• Consider two models:

 




• If  and  are indistinguishable in the range of our data, they 
will have the same evidence


• But  may be more “complex” than 

• The evidence won’t prefer , although we definitely would

y = θ × f1(x), y = θ × f2(x)

f1(x) f2(x)

f1(x) f2(x)
f2(x)
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Minimum Description Length

Why do we want to fit a function anyway?

• Compress the data

• If I have a perfect function, I don’t need to tell someone the  values, but just 

the function
y

L(D) = L(H) + L(D |H)

How much information do I need to transmit?

Description length Hypothesis Residuals

The best function compresses the data the most  Minimise → L(D)
Rissanen 1978 (Automatica, vol. 14, no. 5, pp. 465–471)
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Description length of a function

L(D) = L(D |H) + L(H)

L(D) = − log(ℒ( ̂θ)) + k log(n) +
p

∑
i

log( | ̂θi | /Δi) + p log(2) + ∑
j

log(cj)

Shannon-Fano coding

 nodes with  basis functions


needs  nats

k n
log (nk)

Send  parameters, 
each with precision  

p
Δi

Integer constants

Bartlett, Desmond & Ferreira 2022 (arXiv:2211.11461)
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The Description Length of a Function

L(D) = − log(ℒ( ̂θ)) + k log(n) −
p
2

log(3) +
p

∑
i

( 1
2

log(𝖨ii) + log( | ̂θi | ))
This is the thing to optimise


Combined accuracy and simplicity into a single number


Favours functions which

• Fit the data accurately

• Contain only a few parameters

• Do not contain many operators

• Do not need finely tuned parameters

Bartlett, Desmond & Ferreira 2022 (arXiv:2211.11461)
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Two Solutions

26

1. By trying all functions, you are guaranteed 
to find the best


2. Minimise description length - naturally 
balances accuracy with simplicity

Bartlett, Desmond & Ferreira 2022 (arXiv:2211.11461)
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The Fundamental Law of Cosmic 
Expansion

Bartlett, Desmond & Ferreira 2022

(arXiv:2211.11461)


Bartlett, Desmond & Ferreira 2023

(arXiv:2304.06333)
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Friedmann is a simple (complexity = 7) function - can we discover it?

• Can measure Hubble rate (or integrals of this) from standard clocks or candles


• Provides evidence for accelerated expansion of the Universe (2011 Nobel Prize)


• Usually fit terms of the Friedmann equation - assumes a theory of gravity and 
constituents of Universe

+

µ0 §

µ1 pow

x µ2

µ0 + µ1xµ2 = [+, µ0, §, µ1, pow, x, µ2] y (x ≡ 1 + z) ≡ H2 (z) = θ0 + θ1xθ2

Can we derive the law of the 
Universe's expansion without 

having to assume General 
Relativity?

Bartlett, Desmond & Ferreira 2022 (arXiv:2211.11461)
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Many functions can fit the data, but they diverge outside this range
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Bartlett, Desmond & Ferreira 2022 (arXiv:2211.11461)

Basis: {x ≡ 1 + z, θ, inv, + , − , × , ÷ ,pow}

Jimenez & Loeb 2001 (arXiv:astro-ph/0106145), Moresco  2015 (arXiv:1503.01116), Moresco et al . 2016 (arXiv:1601.01701), Ratsimbazafy et al. 2017 (arXiv:1702.00418), Stern et al. 
2010 (arXiv:0907.3149), Simon et al. 2004 (arXiv:astro-ph/0412269), Borghi et al. 2021 (arXiv:2110.04304), Zhang et al. 2012 (arXiv:1207.4541), Moresco et al. 2012 

(arXiv:1201.3609), Moresco et al. 2022 (arXiv:2201.07241), Scolnic et al. 2021 (arXiv:2112.03863), Riess et al. 2022 (arXiv:2112.04510)
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~40 functions fit the data more economically than CDMΛ
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H2 (z) = θ0 (1 + z)2

H2 (z) = θ0 (1 + z)(1+z)

• CDM in top 40 ( )


• Fluid in top 100 ( )

Λ θ0 + θ1x3

Λ θ0 + θ1xθ2

Bartlett, Desmond & Ferreira 2022 (arXiv:2211.11461)

Why? 






 so agree up to and including second order

yΛCDM = H2
0 (1 + 3Ωm0z + 3Ωm0z2 + Ωm0z3)

θ0xx = θ0 (1 + z + z2 +
1
2

z3 + 𝒪 (z4))
Ωm0 ≈

1
3

Benefit of ESR:


• Started with 5.2 million equations


• CDM not on Pareto front - most standard SR 
packages would not have discovered this
Λ
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Priors on functions

Bartlett, Desmond & Ferreira 2023 (arXiv:2304.06333)

• Term  in MDL does not care about which 
operators being used


• Problem: Same prior probability to equations 
 and 


• We would naturally prefer the former


• Idea: Weight functions based on known “good” 
equations based on how operators are combined


• Do this through a language model

k log n

sin( f (x)) + sin(g(x)) sin(sin( f (x) + g(x)))
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Prior on functions removes the physically unreasonable cases

Bartlett, Desmond & Ferreira 2023 (arXiv:2304.06333)
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The Fundamental Law of Cosmic Expansion

33

1. ~40 functions fit the data more economically than the 
Friedmann equation


2. Low-redshift data do not necessarily prefer a CDM 
expansion history


3. Many traditional SR algorithms would not have found 
CDM

Λ

Λ

Bartlett, Desmond & Ferreira 2022 (arXiv:2211.11461)

Bartlett, Desmond & Ferreira 2023 (arXiv:2304.06333)
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Theory of Gravity

Desmond, Bartlett & Ferreira 2022

(arXiv:2301.04368)
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The Radial Acceleration Relation (RAR)

Desmond, Bartlett & Ferreira 2022 (arXiv:2301.04368)

• Relates centripetal acceleration due to 
baryons ( ) to total dynamical 
acceleration ( )


• Regular and low scatter

• Deviates from  at low 


• Dark matter - fortuitous?

• Modification to gravity


• Various Interpolating Functions (IFs) have 
been suggested. All have two limits:


Newtonian: 

MOND: 

gbar
gobs

gobs = gbar gbar

gobs = gbar, gbar → ∞
gobs = gbarg0, gbar → 0

e.g. Milgrom 1983 (ApJ 270 365,  ApJ 270 371, ApJ 270 384), Lelli et al. 2017 (arXiv:1610.08981), 
Skordis & Złośnik 2021 (arXiv:2007.00082), Famaey & McGaugh 2012 (arXiv:1112.3960),  Banik & 

Zhao 2022 (2110.06936) 
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Does the RAR support MOND?

Desmond, Bartlett & Ferreira 2022 (arXiv:2301.04368)

If the RAR supports MOND, then any function 

 must have a Newtonian and a MOND limitgobs(gbar)




A MOND function needs  and 

s− ≡ lim
gbar→0

d log(gobs)
d log(gbar)

, s+ ≡ lim
gbar→∞

d log(gobs)
d log(gbar)

,

s− =
1
2

s+ = 1

Typical IFs:


  - “Simple” IF

Famery & Binney 2005 (arXiv:astro-ph/0506723)


 (“RAR” IF)

Lelli et al. 2017 (arXiv:1610.08981)

gobs = gbar /2 + g2
bar /4 + gbarg0

gobs = gbar(1 − exp(− gbar /g0))

Basis:{gbar, θ, exp, ⋅, square, inv, + , − , × , /, pow}
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Best functions don’t have MOND limit (even for MOND mocks)

Desmond, Bartlett & Ferreira 2022 (arXiv:2301.04368)

1. RAR does not require 

MOND limit for low 

acceleration


2. Even if there was a MOND 

limit, the data are not good 

enough to find it 


3. RAR neither demonstrates 

nor rules out a modification 

to gravity at low 

accelerations
http://astroweb.cwru.edu/SPARC/ 
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Theory of Gravity

38

1. Best-fitting equations recover a Newtonian limit at high accelerations 
( ).


2. Observed galaxies do not prefer functions with the deep-MOND limit 
( ) at low acceleration. They prefer .


3. Mocks suggest SPARC data have uncertainties which are too large and 
an insufficient dynamic range to recover the true low-acceleration limit.

gobs = gbar

gobs ∝ gbar gobs → const

Desmond, Bartlett & Ferreira 2022 (arXiv:2301.04368)
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EXHAUSTIVE SR


• Guaranteed to find true optimum


• Combine simplicity and accuracy 
in a principled way

COSMIC EXPANSION


• ~40 better functions than standard 
Friedmann


• Low-redshift data do not necessarily 
prefer a CDM expansion historyΛ

RADIAL ACCELERATION RELATION


• Best functions look Newtonian at 
large acceleration


• Best functions prefer non-MOND 
lower limit

Conclusions
Desmond, Bartlett & Ferreira 2022 (arXiv:2301.04368)

Bartlett, Desmond & Ferreira 2022 (arXiv:2211.11461)
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Bartlett, Desmond & Ferreira 2023 (arXiv:2304.06333)

https://github.com/DeaglanBartlett/ESR

https://github.com/DeaglanBartlett/katz

https://github.com/DeaglanBartlett/ESR
https://github.com/DeaglanBartlett/katz
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Precision of constants - tradeoff between accuracy and information needed

−log(ℒ( ̂θ + d)) ≈ − log(ℒ( ̂θ)) +
1
2

dT 𝖨 d

L(Δ) =
1
2 ∑

ij

⟨𝖨ijdidj⟩ − ∑
i

log(Δi)

L(Δi) =
1
24

𝖨iiΔ2
i − log(Δi) ⟹ Δi = ( 12

𝖨ii )
1/2

True  uniformly distributed within  of transmitted value - may not transmit true MLP̂θi ±Δi /2

Giving expected contribution to description length

Minimise this:

Bartlett, Desmond & Ferreira 2022 (arXiv:2211.11461)

Taylor expand log-likelihood about true value:
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The Description Length of a Function

L(D) = − log(ℒ( ̂θ)) + k log(n) −
p
2

log(3) +
p

∑
i

( 1
2

log(𝖨ii) + log( | ̂θi | ))

• Description length looks like BIC plus corrections due to structural complexity (prior on model)


• For large , equivalent to minimising the BIC (an approximation to the evidence)N

          (for large number of data points, )
1
2 (p log (N ) − 2 log (ℒ)) =

1
2

BIC N

Bartlett, Desmond & Ferreira 2022 (arXiv:2211.11461)
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Previous applications of symbolic regression in physics

Rediscover Newtonian 
gravity from solar 
system data


Lemos et al. 2022 (arXiv:2202.02306)

tSZ Y-M relation which is 
more robust to feedback 


Wadekar et al. 2022 (arXiv:2209.02075)

Learn 100 equations from the 
Feynman Lectures on Physics


Udrescu & Tegmark 2019 (arXiv:1905.11481)
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Cosmic Chronometers - Standard Clocks

H (z) = −
1

1 + z
dz
dt

≈ −
1

1 + z
δz
δt

• Passively evolving stellar population are 
standard clocks - measure 


• Directly measure 


• (Cosmological) model-independent 
measurement of 


• We use sample of 32 CC  
measurements 

δt
δz

H (z)
H (z)

Jimenez & Loeb 2001 (arXiv:astro-ph/0106145)

Moresco  2015 (arXiv:1503.01116)


Moresco et al . 2016 (arXiv:1601.01701)

Ratsimbazafy et al. 2017 (arXiv:1702.00418)


Stern et al. 2010 (arXiv:0907.3149)

Simon et al. 2004 (arXiv:astro-ph/0412269)


Borghi et al. 2021 (arXiv:2110.04304)

Zhang et al. 2012 (arXiv:1207.4541)


Moresco et al. 2012 (arXiv:1201.3609)

Moresco et al. 2022 (arXiv:2201.07241)

Image credit: AAS NOVA

Bartlett, Desmond & Ferreira 2022 (arXiv:2211.11461)
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Type Ia Supernovae - Standard Candles

Image credit: NASA

Scolnic et al. 2021 (arXiv:2112.03863)

Riess et al. 2022 (arXiv:2112.04510)

dL (z) = (1 + z)∫
z

0

dz′￼
H (z′￼)

μ (z) = 5 log10 ( dL (z)
10 pc )

μ = mB + αx1 − βc − M0

Amplitude
Stretch Colour

Rest-frame 
magnitude

Pantheon+ sample with SH0ES Cepheid 
calibration 

Bartlett, Desmond & Ferreira 2022 (arXiv:2211.11461)
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Best Functions - Cosmic Chronometers

Bartlett, Desmond & Ferreira 2022 (arXiv:2211.11461)
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Best Functions - Pantheon+

Bartlett, Desmond & Ferreira 2022 (arXiv:2211.11461)
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Should we have seen CDM? No.Λ

101 102 103

Number of Cosmic Chrometers
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] æH/H = 0.01

æH/H = 0.05

æH/H = 0.10

æH/H = 0.20

Current 
observational 
uncertainties

Would need 
this many

We used 
this many

Mock cosmic 
chronometer 
data assuming 

CDM 
(Planck18)
Λ

Bartlett, Desmond & Ferreira 2022 (arXiv:2211.11461)
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Best Functions - SPARC

Desmond, Bartlett & Ferreira 2022 (arXiv:2301.04368)

8 Desmond, Bartlett & Ferreira

Rank Function Comp. P (f)
Parameters Description length

✓0 ✓1 ✓2 ✓3 Resid.1 Func.2 Param.3 Total

1 ✓0
�
|✓1 + x|✓2 + x

�
9 9.3⇥10�1 0.84 -0.02 0.38 — -1279.1 14.5 14.0 -1250.6

2 ||✓1|x + ✓0|✓2 + x 9 6.4⇥10�2 -0.99 0.64 0.36 — -1279.9 12.5 19.6 -1247.9

3 |✓0||✓1�x|✓2�✓3 9 2.0⇥10�3 -1.4⇥102 0.02 0.14 0.89 -1276.4 12.5 19.5 -1244.4

4 |✓0(✓1 + x)|✓2 + x 9 1.4⇥10�4 0.35 -0.02 0.34 — -1268.9 14.5 12.7 -1241.7

5
��✓0 � |✓1 � x|✓2

��✓3 9 1.0⇥10�5 -0.30 0.02 0.42 2.14 -1271.1 12.5 19.5 -1239.1

6
p
x exp

✓
|✓0+x|✓1

2

◆
9 1.5⇥10�9 -0.02 0.36 — — -1257.9 17.5 10.0 -1230.3

7
⇣

|✓0|x
x

⌘✓1
+ x 9 2.4⇥10�10 1.87 -0.52 — — -1250.6 14.5 7.6 -1228.5

8
p

|✓0 + x|+ ✓1x 8 1.8⇥10�10 -1.8⇥10�3 0.72 — — -1245.6 12.9 4.5 -1228.2

9
���✓0 + 1

4px

���
✓1

8 9.6⇥10�11 -0.22 -2.14 — — -1251.1 14.3 9.2 -1227.6

10
�p

x+ 1
x

�✓0 + x 9 8.2⇥10�11 -0.53 — — — -1248.3 16.1 4.8 -1227.4
...

...
...

...
...

...
...

...
...

...
...

...

17 x/(exp(✓0)� |✓1|
p
x) 9 2.2⇥10�11 0.03 0.44 — — -1250.9 17.5 7.3 -1226.1

— Double power law 11 9.7⇥10�16 4.65 3.96 1.03 0.60 -1252.3 17.7 18.5 -1216.1

— Simple IF 10 5.5⇥10�25 1.11 — — — -1217.3 18.6 3.9 -1194.8

— RAR IF 9 6.7⇥10�26 1.13 — — — -1212.8 16.1 3.9 -1192.7

— Simple IF + EFE 59 5.0⇥10�69 1.16 6.8⇥10�3 — — -1238.9 139.9 5.6 -1093.4

— Standard IF 14 9⇥10�150 1.54 — — — -939.5 27.9 4.1 -907.5

1 � logL(✓̂) 2k log(n) +
P

j log(cj)
3 � p

2 log(3) +
Pp

i (log(Iii)
1/2 + log(|✓̂i|))

Table 1. Top functions found by ESR applied to the SPARC data, ranked by total description length, compared to four MOND IFs and
a double power law below the horizontal line. x ⌘ gbar/10�10 m s�2. We include also the “generalised RAR IF” at rank 17, although this
does not have a deep-MOND limit. The IFs and double power law are not produced explicitly by our implementation of ESR and hence
their ranks are unknown, although they are clearly worse than the best ESR functions in both description length and likelihood. For the
Simple, RAR and Standard IFs the parameter is g0, while for the “Simple IF + EFE” (Eq. 6), the first is g0 and the second eN.

this data, but there are 15 functions with lower L(D), in-
cluding several at lower complexity. This indicates that the
characteristics of the SPARC data (dynamic range and un-
certainties) are insufficient to pick out the true generating
function: ESR prefers simpler functions which may achieve
slightly higher likelihoods. Since the � log(L) term in L(D)
becomes dominant at large dataset size, simply increasing the
number of (mock) observations with otherwise identical prop-
erties would not be sufficient to push the generating function
to the top of the list. For this dataset we find that the gener-
alised RAR IF, appearing at rank 41, has higher L(D) than
the RAR IF despite slightly higher likelihood, a success of
MDL’s penalisation of more complex functions. Note that the
best-fit generalised RAR IF is x/(0.995� exp(�

p
x/1.068)),

somewhat offset from the ground-truth values {1, 1.127}.
This results from a combination of the limited dataset size
(introducing random noise) and a small bias in the maximum-
likelihood estimator which we discuss further in Appendix A.
At rank 27 we find a close cousin of the RAR IF in which the
“1” is free and g0 is pinned to 1. This performs only slightly
worse than the RAR IF itself because the true g0 is close to
1.

The highest ranked ESR function is better by �L(D) = 6.3
than the RAR IF. Although the relative probability between
the best function and the best RAR-like function is smaller
than in the observations (⇠ 1600 compared to 4⇥ 1010), it is
interesting that the best RAR-like function appears further

up the list in the real data (rank 17 vs 27). The double power
law is disfavoured relative to the RAR IF and many ESR
functions despite having the highest likelihood shown in the
table, another success of the complexity penalisation. There
are a few functions overall with lower � log(L), the lowest
being �2048.0 at rank 51 ((✓0 + |✓1 + ✓2/x|1/2)�1, L(D) =
�2018.4). Also as expected, the Simple IF + EFE has eN

snapped to 0 and hence behaves identically to the Simple IF,
albeit with larger functional complexity.

The top 20 ESR functions for the RAR IF mock are over-
plotted on that data in the middle panel of Fig. 2. We find a
slightly reduced spread in s at both the high-gbar and low-gbar
ends compared to the real data, without any discontinuities
within the data range. However there is still significant un-
certainty beyond the range of the data. This is quantified in
the middle panel of Fig. 3, where the top ten functions are all
observed to have slopes of approximately 1/2 at gbar,min and
1 at gbar,max, although only in two cases is s� = 1/2: for the
others it is lower. This indicates that constraining the slope
to be near 1/2 at gbar,min is insufficient to conclude that s�
takes a similar value, at least up to complexity 9. One would
need to reduce the uncertainties, or, preferably, lower gbar,min.
That this applies to a lesser extent at high-gbar is shown by
the functions at rank 4 and 7 with s+ = 1.

Adding to the conclusion that the mock data characteristics
are insufficient to pick out a MONDian generating function,
we find that the coefficient in gobs / gbar at high gbar is only

MNRAS 000, 1–16 (2022)
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Can always find functions which fit better than standard IFs

Desmond, Bartlett & Ferreira 2022 (arXiv:2301.04368)

θ0 ( |θ1 + x |θ2 + x) θ0 + θ1x + x θ0 + x2 + 2x
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(Almost) always get Newtonian limit, (almost) never get MOND limit

Desmond, Bartlett & Ferreira 2022 (arXiv:2301.04368)

θ0 ( |θ1 + x |θ2 + x) θ0 + θ1x + x θ0 + x2 + 2x
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Best Functions - RAR IF Mocks

Desmond, Bartlett & Ferreira 2022 (arXiv:2301.04368)

The functional form of the RAR 9

Rank Function Comp. P (f)
Parameters Description length

✓0 ✓1 ✓2 ✓3 Resid.1 Func.2 Param.3 Total

1 ✓0 + ✓1x+
p
x 8 5.6⇥10�1 9.1⇥10�3 0.63 — — -2045.2 12.9 4.9 -2027.4

2
p

|✓0 + x|+ ✓1x 8 2.8⇥10�1 3.0⇥10�3 0.64 — — -2044.4 12.9 4.8 -2026.7

3 ✓0x+ x✓1 7 8.2⇥10�2 0.64 0.49 — — -2045.2 11.3 8.5 -2025.5

4
p
x exp

⇣
x✓0

2

⌘
7 3.5⇥10�2 0.36 — — — -2040.7 12.5 3.5 -2024.7

5 (✓0 + x)
⇣
✓1 + 1p

x

⌘
9 1.1⇥10�2 1.3⇥10�3 0.64 — — -2044.5 16.1 4.8 -2023.5

6 1q
|✓0+ 1

x |
+ x 8 8.8⇥10�3 1.74 — — — -2038.5 12.9 2.3 -2023.3

7 (x|✓0|)(x|✓1|)
✓2 9 3.1⇥10�3 -2.09 -1.4⇥10�4 0.04 — -2045.3 12.5 10.6 -2022.2

8 ✓0x+ |✓1 + x|✓2 9 2.4⇥10�3 0.64 1.4⇥10�3 0.49 — -2045.4 14.5 8.9 -2022.0

9 x
�
|✓0 � x|✓1 � ✓2

�
9 2.3⇥10�3 1.2⇥10�3 -0.51 -0.64 — -2045.3 14.5 8.9 -2021.9

10 (✓0 � x)
�
✓1 � x✓2

�
9 2.2⇥10�3 -6.5⇥10�4 -0.64 -0.51 — -2045.4 14.5 9.0 -2021.9

...
...

...
...

...
...

...
...

...
...

...
...

27 x/(exp(✓0)� exp(�
p
x)) 9 3.2⇥10�4 -0.01 — — — -2039.3 17.5 1.9 -2020.0

...
...

...
...

...
...

...
...

...
...

...
...

41 x/(exp(✓0)� |✓1|
p

x) 9 1.1⇥10�4 -5.0⇥10�3 0.38 — — -2042.1 17.5 5.7 -2018.9

— RAR IF 9 1.0⇥10�3 1.14 — — — -2041.1 16.1 3.9 -2021.1

— Double power law 11 3.4⇥10�8 1.25 1.47 0.90 0.54 -2047.2 17.7 18.7 -2010.8

— Simple IF 10 2.8⇥10�11 1.12 — — — -2026.2 18.6 3.9 -2003.7

— Standard IF 14 2.9⇥10�55 1.54 — — — -1934.4 27.9 4.1 -1902.4

— Simple IF + EFE 59 5.9⇥10�64 1.12 0 — — -2026.2 139.9 3.9 -1882.4

1 � logL(✓̂) 2k log(n) +
P

j log(cj)
3 � p

2 log(3) +
Pp

i (log(Iii)
1/2 + log(|✓̂i|))

Table 2. As Table 1 but for the RAR IF mock data. We find the generalised RAR IF at rank 41, and a closely related function at rank
27 in which the free parameter appears in the other term in the denominator. For this dataset the RAR IF itself is superior to both of
these modified forms, as would be expected given that it generated the data.

unity for one of the top-10 functions for which s+ = 1 (at
rank 6). For all the others it is 0.64, with the exception of
that at rank 1 where it is 0.63. These values have uncertain-
ties ⇠ 0.003 when constrained by MCMC, and vary by ⇠ 0.02
over mock datasets differing only in the random seed. Thus
the best functions almost always fail to recover the Newto-
nian limit even when it is the truth, presumably due to an
insufficient gbar,max. The origin of 0.64 is unclear, but presum-
ably results from the way the lower-gbar behaviour is filtered
through the forms of the functions found to be optimal. In
cases where s� = 1/2, the coefficient of proportionality is 1
(to be compared to p

g0 in MOND), and the double power law
limits are gobs = 1.20 g0.90bar at high gbar and gobs = 1.30 g0.54bar
at low gbar.

The middle panel of Fig. 4 shows the Pareto front for these
data. We find more smooth behaviour than for the real data,
with the optimum solution achieved already by complexity
8, reflecting the relatively simple nature of the generating
function. This shows that if the RAR IF was generating
the real data (and our likelihood and mock data generation
method were accurate), we would have achieved the L(D)
minimum on those data too. However, the MONDian func-
tions (including the RAR IF itself) and double power law are
Pareto-dominated by the ESR results even on these mock
data, showing that one should not expect to be able to re-

cover unambiguously even this simplest of MOND generating
functions.

4.2.2 Simple IF + EFE generating function

Analogous results for the mock data generated using the Sim-
ple IF with inclusion of the EFE are shown in Table 3 and the
bottom/right panels of Figs. 2-4. This dataset behaves more
similarly to the real data in terms of the relative ordering of
the IFs, double power law and ESR functions, including the
generalised RAR IF. Indeed, the best-fit parameters of all
three non-EFE IFs are identical to the SPARC data to two
decimal places, while those of the generalised RAR IF and
the high-gbar slope of the double power law are the same to
one. Here the IFs provide a significantly worse compression of
the data than the best ESR functions, and the double power
law also performs relatively poorly due to the curvature at
low gbar (see Fig. 1). There is again a small bias between
the maximum-likelihood (1.19 and 8.56⇥10�3) and true (1.2
and 1⇥10�2) g0 and eN values for the Simple IF + EFE
fit. Although this function has among the highest likelihoods
achievable by ESR up to complexity 9, its functional com-
plexity makes it a poor compression of its own SPARC-like
mock data. This reinforces the conclusion that the charac-
teristics of these data are insufficient to identify a MONDian

MNRAS 000, 1–16 (2022)
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Best Functions - Simple IF + EFE Mock

Desmond, Bartlett & Ferreira 2022 (arXiv:2301.04368)

10 Desmond, Bartlett & Ferreira

Rank Function Comp. P (f)
Parameters Description length

✓0 ✓1 ✓2 ✓3 Resid.1 Func.2 Param.3 Total

1 ✓0 +
p
x2 + 2x 9 8.9⇥10�1 -0.06 — — — -2017.7 14.5 3.1 -2000.0

2 ✓0 +
p

x|✓1 + x| 8 9.3⇥10�2 -0.06 1.97 — — -2017.9 12.9 7.3 -1997.8

3 �|✓0|
p

x + ✓1 + x 8 5.6⇥10�3 0.26 0.95 — — -2017.9 12.9 10.1 -1995.0

4 (✓0 � x)
�
✓1 � x✓2

�
9 3.3⇥10�3 3.1⇥10�3 -0.71 -0.53 — -2019.7 14.5 10.7 -1994.4

5 x✓0 � ✓1(✓2 � x) 9 2.4⇥10�3 0.39 0.79 0.12 — -2020.9 14.5 12.3 -1994.1

6 |✓0 � x|✓1 � ✓2x 9 2.0⇥10�3 5.5⇥10�3 0.48 -0.71 — -2019.1 14.5 10.6 -1994.0

7 x|✓0|�|✓1|x
✓2

9 1.7⇥10�3 0.04 -0.16 0.33 — -2018.1 12.5 11.9 -1993.8

8 x
�
✓0 + |✓1 + x|✓2

�
9 1.5⇥10�3 0.71 0.01 -0.53 — -2018.7 14.5 10.6 -1993.7

9 |✓0||✓1|
x✓2

+ x 9 6.5⇥10�4 7.0⇥10�6 0.03 0.17 — -2016.7 12.5 11.4 -1992.8

10 exp
⇣
✓0 � 1

4px

⌘
+ x 9 5.5⇥10�4 0.57 — — — -2014.0 17.5 3.9 -1992.6

...
...

...
...

...
...

...
...

...
...

...
...

21 x/(exp(✓0)� |✓1|
p

x) 9 1.8⇥10�5 0.03 0.44 — — -2014.2 17.5 7.4 -1989.3

— Double power law 11 3.4⇥10�11 3.53 3.31 0.98 0.60 -2012.3 17.7 18.6 -1976.0

— Simple IF 10 1.2⇥10�22 1.11 — — — -1972.1 18.6 3.9 -1949.6

— RAR IF 9 7.0⇥10�24 1.13 — — — -1966.9 16.1 3.9 -1946.8

— Simple IF + EFE 59 3.8⇥10�57 1.19 8.6⇥10�3 — — -2016.0 139.9 5.9 -1870.2

— Standard IF 14 2⇥10�141 1.54 — — — -1708.3 27.9 4.1 -1676.3

1 � logL(✓̂) 2k log(n) +
P

j log(cj)
3 � p

2 log(3) +
Pp

i (log(Iii)
1/2 + log(|✓̂i|))

Table 3. As Table 1 but for the Simple IF + EFE mock data.

generating function: this one in particular would require far
more data than the RAR IF to be favoured by MDL.

For the Simple IF + EFE mock all top-10 functions have
s+ = 1 and s(gbar,max) > 0.9. However, only six of them re-
cover the true Newtonian limit gobs = gbar: the others find
gobs = 0.71 gbar or gobs = 0.79 gbar, again with sub-percent
uncertainty from MCMC. Thus under this model too one
would not expect the Newtonian limit to be identified ro-
bustly. While s(gbar,min) > 1/2, indicating the significant im-
pact of the EFE, s� is typically 0 as opposed to 1 as expected
from Eq. 6. Thus gbar,min is too high to constrain s� reliably,
although this may also be a reflection of the relative simplic-
ity of the functions we consider. The double power law limits
are gobs = 0.96 g0.98bar at high gbar and gobs = 1.55 g0.60bar at low
gbar. The Pareto front indicates this dataset to be somewhat
more complex than the RAR IF mock, as L(D) continues to
fall to complexity 9, although the smoothness shows it to be
simpler than the real data.

All functions considered achieve considerably higher likeli-
hood on the mock datasets than the real data, showing that
the mocks are simpler. This could be because the data do not
conform to the MOND expectation—one would expect any
given gobs = f(gbar) to be relatively inaccurate in a chaotic
⇤CDM galaxy formation scenario—or because the model for
scattering the mock data points is overly simplistic. This is
discussed further in Sec. 5. Relatedly, the P (f) values of the
top functions are very closely spaced in the mock datasets,
indicating that there is little to distinguish them. On the
contrary, on the real data the integrated probability of all
functions besides the top five is .10�8, suggesting that these

functions perhaps ought not to be considered at all. The lim-
iting slopes of the top ten equations as a function of the
parameters can be found in Tables B2 and B3 for the RAR
and EFE mocks respectively.

5 DISCUSSION

Our main conclusion is that the SPARC data are insufficient
to determine robustly the limiting behaviour of the RAR, and
hence cannot verify or refute the MOND hypothesis. This
is reached by studying mock data generated by MOND; in
particular, generating data according to the RAR IF, not
only are we unable to identify that as the generating function,
but, more seriously, we cannot reconstruct s� = 1/2. At the
high-gbar end, the logarithmic slope of the Newtonian limit
(s+ = 1) is typically well recovered, although the coefficient
of proportionality in gobs / gbar is not: in the RAR IF mock
data this takes a values ⇠ 0.64 far more often than 1.

Improving this situation requires increasing the dynamical
range of the RAR. At the low-gbar end this may be achieved
by studying ultra-diffuse galaxies (e.g. Freundlich et al. 2022),
or local dwarf spheroidals (e.g. McGaugh & Wolf 2010; Mc-
Gaugh & Milgrom 2013), some of which seem seem to in-
dicate s� ⇡ 0, as found by many of the best ESR func-
tions (Lelli et al. 2017). Alternatively, one may attempt to
probe the outer regions of galaxies including the Milky Way
(e.g. Oman et al. 2020). Particularly promising for a large
gain is to use stacked weak lensing to probe galaxy outskirts
that would have insufficient signal-to-noise on an individual-
object basis (Brouwer et al. 2021). This appears to indicate

MNRAS 000, 1–16 (2022)


